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F i n i t e  e lements  have been developed f o r  t he  a n a l y s i s  9 - 1 3 6 5 9  of p l ane  s t  LS - 

plane  s t r a i n  problems1, bod ie s  of revolution’,  arid s h e l l s  of revolution3’‘.  

However, consideraFi1.e d i f f i c u l t i e s  have been eiicourrtered i n  the  development 

of s u i t a b l e  p l a t e  arid s h e l l  e lements .  

need for bo th  displacement  and s l o p e  c o m p a t i b i l i t y  a long t h e  l i n e s  connect ing 

These d i f f i c u l t i e s  are caused by the  

the  e l e x e n t s  which i n  t u r n  is caused by the  dependence of the  i n t e r n a l  ensrgy  

cn t h e  s e c o s l  d e r i v a t i v e s  of t h e  normal d i sp lacenen t .  One way t o  avoid the  

need for c o m p a t i b i l i t y  of f i r s t  6 e r i v a t i v e s  i s  t o  i n c l u d e  t r a n s v e r s e  s h e a r  

deformaticns thus  y i e l d i n g  a s t r a i n  energy expres s ion  as a f u n c t i o n  of t he  

first d e r i v a t i v e s  only.  Th i s  approach h2s  been used i n  Refs.  5,  6 ,  agd 7. 

Hovcver, t hose  r e s e a r c h e r s  used l i n e a r  func t ions  f o r  a l l  v a r i a b l e s  vhich  

y i e l d s  2 s o l u t i o n  which convergss s10:~;ly wi th  mesh ref ineinent .  Tne purpose 

of t h i s  n o t e  i s  t o  p r e s e n t  a ‘ c o n p a t i b l e  t r i a n g u l a r  p l a t e  eleFe.ixt based or! a 

complete thirc!. o r d e r  polyaomia l  f o r  t he  n o r m 1  d i s p l a c e n c c t  arld seccr.3 o r d e r  

polynoxiials f o r  the inp lane  d i s p l a c e m n t s .  A n i n e  degree  of freedo::.; r;j.eecn: 
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is obtaincd by requiring tlic transvcrsc shear deformat ions  t o  t c  zero a t  the 

nodes and along tlic sides of the clenimt. 

Consider  a l amina te  of t h i c k n e s s  dz l o c a t e d  a t  a d i s t a n c e  z froni t he  

midsur face  of t h e  p l a t e  (Fig.  1). The disp lacements  of this l amina te  arc 

v = - - - - - - -  

a1.r 2 2 
1 . 1  1 3 2  2 3  ox 97 = L (L +3L2+3L3)Wl +- L ( C  L - c  T I  ) 7 

aw 
+ . . . $. a L L L  + Li(b2L3 - b3L2) - aY 1 2 3  

1here u, v,' w = displaceinents  i n  x ,  y, and z d i r e c t i o n s  r e s p e c t i v e l y  

L1' L29 L 3  = area c o o r d i n a t e s  ( R e f .  8) 

- bi - Yj - Yk 
- - x - x  i . k  j 

a = g e n e r a l i z e d  coef  f i c i 2 r . t  

C 

The expressicn f o r  5 7  i s  of t h e  saris form 2s t h e  expression f o r  u. 

add i t io r i a l  six izrns i n  the e s p r e s s i o n  fcr w Are ob ta ined  by c y c l i c  pzrnuta t iop .  

The 

/ 
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A nine degree of frccdoiit clei i icnt  i s  obtained by requiring tlic t r a n s v c r s t .  

shear  s t r a i n s  to b e  zero a t  t h e  c o r n e r s  ancl along t h c  sidcs 01 the elcrncnt 

a n d ,  by assuming the s l o p e  normal t o  t h e  elcinent: a t  the niic1dl.e of the s ide  

is one-1ia1.f the sum of ttic’ vn~ .ues  a t  the co rne r  nodes. ~t iese  c o n d i t i o n s  y i e l d  

i = 1, 2 ,  3 

1 
3b3C3 av 

2 4 az 4 az 
- =  + -- -- aul  - -  
a u4 1 
a z  b2 + c2 

3 .  3 

3 b3 3 -  a% 4- -- 3b 3 =3  2-21 C* 

2 3 2  2 T)  az 4 a z  
- - c w I- (-- - 

au; , and ---- - au - 5 -  , 
az az az az 

The equa t ions  f o r  

are o b t a i n e d  by c y c l i c  pe ruu ta t ion .  I n t e r e l e x e a t  c o n p c t i b i i i c y  is  s t i l l  

s a t i s f i e d  a f t a r  Eqs. 2 are e p p f i c d .  

., x g l e c t i n g  the  s t r a i n  c w r g y  d m  t o  transverse shear t h s  s t r a i n  energy 

express ion  for tIic e:.i?.-.:r?nt is the s.?..;?.2 as t h i t  used i n  ‘ p l a n e  stress problenis. 
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E u =  - 
' 1-v2 

where E = 

V "  

€ =  
X 

€ =  
Y 

E =  
XY 

Young's modulus 

P o i s s i o n ' s  r a t i o  

3U 
ax 

aV 

I 

I 

ay . 

It is n o t e d  t h a t  v does n o t  enter the s t r a i n  energy  e x p r e s s i o n  b u t  

e n t e r s  th rough Eqs. 2. The element s t i f f n e s s  matrix is o b t a i n e d  by 

s u b s t i t u t i n g  t h e  assumed d isp lacement  f u n c t i o n s  i n t o  t h e  s t r a i n  energy 

e x p r e s s i o n  and i n t e g r a L i n g  ove r  t h e  volume of t h e  e lemsnt  u s ing  t h e  re- 

l a t i o n 9  
2A i j k  i!j ! k! 

(nf2) 1 1 2 3  I L L L d A  = - 

where n = i 3-j f k 

A = area of elcrr?ent 

The element s t i f f n e s s  m a t r i x  is syrnmetric and p o s i t i v e  d e f i n i t e .  
I 

Tlne accuracy  of t h i s  d e c e n t  r e p r e s e n t a t i o n  i s  denons t r a t e d  by s o l v i n g  

s imply  suppor t ed  arid cl.mped p l a t e s  under u n i f o m  and c o n c e n t r a t e d  l o a d i n g s .  

For the uniform p r e s s u r e  l o e d i n s  one-third of the t o t a l  load was a l l o c a t e d  

t o  each  d i s p l a c e z e a t  a i  t h e  cornr-rs of t h e  elezent.  The p l a t e  i d s a l i z a t i . c n  i s  

shotm i n  Fig.  2 and tile resul ts  f o r  t he  & f l e c t i o n  c o e f f i c i e n t s  a t  the  c e n t e r  

of t h e  plete  are p r e s e n t e d  i n  Table  1. It  is noted  that  t h e  h a s i c  elernent 
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l i s t e d  as qq3 (quadra t i c  ti - cruxIratic v - t h i r d  o r d e r  1.1) is n l i t t l e  sofc. 

Into three sub-elements w i t h  an i n t e r n a l  node a t  t h e  c e n t r o i d  of the o r i g i n a l  

e lement .  This  g ives  a n i n e  degree of freedom element w i t h  zero t r a n s v e r s e  

s h e a r  along t h e  s i d e s  and a long  t h e  l i n e s  from t h e  cornci-s t o  the c e n t r o i d .  

It is no ted  t h a t  t h e  conver ience  c h a r a c t e r i s t i c s  of the 003-3 element  arc 

q u i t e  good. 
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